mplex Power Seri

The geometric progression

Let S=1+4+ x+ x>+ +...
Then Sx=x4+x 4+ x+.=8 -1
Hence Sx=8 -1
1
and S =
1 — x

In general, where z is a complex number

1

1 — z

=1l+z4+zZ+ 2+ + ..

Ifweput z = r e wegettheseries 1 + re® + 7e*® + e + .. .Itisobvious

that this series will only converge if » < 1; ie if z lies within the unit circle.

A typical summation looks like this:

-
N

Replacing z with -z gives us the series:

1
1 + 2

=1 -z 4+ 2z -2 4+ - .

which is the same mapping rotated 180° about the origin.

Replacing z with z* gives us

=1+z2 4+ 20+ 22+ ..

1 — 2°

which is similar.

The binomial series

We want to show that

(1+z) =1+ £ 2z +




We notice that the n™ coefficient of the expansion is equal to ?C, — (ie the number of ways in which
n objects can be drawn from a pile of p objects). Now it is a defining characteristic of the
coefficients of the Binomial Series that each coefficient ”C, is the sum of the two coefficients in
the expansion of (1 +zy"! ie ?C, = *'C,, + *'C, . We must therefore show that

plp —1)..(p = (n—1)) (p = Vodp = (n=1))  (p=1..(p = n)

is equal to

1.23...n 1.2.3..n—1 1.2.3...n
We have
(p = D.dp = (n=1))  (p=V.lp=n _
1.2.3..n—1 1.23...n
np —1..(p—(m=1) +(p—-1..p—-n _
1.23...n
nlp = 1..lp = (n=1)) + (p = n)lp = D..p = (n=1)) _
1.23...n
(p = D.kp = (n=1).n + (p = n)) _
1.2.3...n
(plp = 1)..(p = (n=1)))
1.23..n QED.
[As an example, take p=7 andn = 4
7654
234
The two preceding coefficients are
6543 6.54
234 Py =%

I find it remarkable that the addition of the extra n (here equal to 4) needed to make the
denominators equal - to the spare number in the numerator (here equal to 3) - is exactly what is
needed to make the front end for the new larger factorial (here equal to 7)!]

Technically, all we have to do now is to show that the formula works for » and p equal to 1 but this
is trivial.

The exponential function

We want to show that

2 3
: SN SR
e =1+ T + X +3! + ...

Let us start by considering what happens to the expression (1 + 1/n)" as n tends to c. Using the
Binomial Theorem we get
1 2
L (n 1) (l) N

n

1+ 1
n

=1 + =
1.2 n

Now if n is really large, the factorial terms in the numerator of each coefficient are cancelled out by
the powers of # in the denominator leaving just the numeric factorials on the bottom. In other
words:

n

1+ 1 — 2.7182818285..

n

lim +

_ 1 .1 1
as n—ooo =1 + 17 + Y 37



Obviously this is a very interesting number. We shall call it e.

I + 1 as n—oo . Itis a fact (though not necessarily an obvious

n

Now let us consider lim

one) that this will be equal to ¢~

First we have

1+ L
n

1 2
Lonln = DTN
1.2 nz

nz

and in the limit we get the very important series expansion:

2 3
z z

ETRREEY]

It is worth noting here that if you differentiate this series, each term turns into the one that precedes
it. It is therefore a defining characteristic of the function ¢ that it is its own derivative ie:

d(e’ :

() _
dz

Since the factorial function increases faster than any polynomial, the exponential series converges

for all values of z. A typical summation is shown below:

o1+ o4 +
e = 1

&
B

/

It is interesting to note that horizontal lines are transformed into radial lines and vertical ones into
circles about the origin. Alternatively we can say that the real part of z becomes the radius (actually
r = e ? and the imaginary part becomes the argument.

The trigonometric functions

We want to show that

z Z3 Z5 Z7

szl = -yt s T T
Z2 Z4 Z6

COS(Z) =1 - E + Z - a + ...

We have seen that the exponential function is its own derivative and that we can, in fact, define it as
such. We can derive expansions of the trigonometrical functions in a similar way.

It is a defining characteristic of the sin and cos functions

that when they are differentiated twice, they tun into negatives of themselves. eg:



d*(sinz)
dz’
If we assume that sin(z) = a, + a,z + a,z° + a;z° + .. we can see at once by putting
z =0 that a, must be equal to 0 and by differentiating once and putting z =0, a;, must be equal to 1.

= —sin(z)

By differentiating twice we get
sin(z) = —12a, + —123a,z + —123.4a,z7 + —12.34.5a5z° + .. inwhich case a,

must be equal to -a,/ 2 =0, a; must be equal to —a,/3!, a, must be equal to 0, a5 must be equal to
+a,; /5! etc.

A similar argument holds for cos z.
As with the exponential function, the series are convergent for all values of z

A typical summation is shown below:

AR
N

If tz=if t “’—1+Q—9—2—i—63+
weputz=idweget e = T X 3
We can see at once therefore that cos0® + isin0 = e™°
. . i _ i0 9_2 1_93
Putting z=—-ifweget ¢ =1 — T + 3!+...
in which case cos®@ — isin0 = ¢ °
o ) ) i0 + —i0 ) 70 _ —i0
Combining these equations gives us cos® = % and sin0 = %
i
The hyperbolic functions
We want to show that
z z’ z z’
S1Hh()=1—1+§+§+?+.

‘N
(3]

‘N
N

|t\1
(o)}

+ + ..

cosh(z) = 1 +

(o)

/

[\
N~

/

It is a defining characteristic of the sinh and cosh functions that each one differentiates into the
other. This can be achieved simply by taking alternate terms from the expansion of €.



This leads us to the expressions cosh® + sinh® = ¢’ , cosh® =

e — e

inh® =
sin 2

Taylor's theorem
Before deriving any more series, we need to derive Taylor's theorem
suppose that a function f{z) can be expanded as a power series ie:
f(z) = ay + ayz + a,z° + a;z + ..

It is obvious that a, is simply the value of the function at z =0
Differentiating once we get:

f'(z) = a, + aryz + 3ayz° + da,x + ...
from which we see that a; is the value of /' (z) atz=0

In general, after differentiating » times, the value of a, is the value of /" (z) at z = 0 and this term is
equal to n! Hence:

This is known as McLaurin's theorem.

(It seems to me remarkable that if you know all the derivatives of a function at the origin, you can
predict the value of the function anywhere else. Of course, this is all due to the fact that we have
restricted ourselves to functions which can be expanded as a power series. Clearly Taylor's theorem
cannot be applied to a function like x = x mod 2.)

(It 1s worth noting here that since all the derivatives of ¢ are unity at z = 0, the expansion of e’
follows at once.)

There in nothing particularly special about the origin. We can, instead, use the derivatives at any
point by expanding the function in terms of powers of z — c. Hence if we assume that

f(z) = a, + az —¢) + ay(z — ¢ + as(z — ¢ + ...

this leads us to Taylor's theorem:

7(z) = fle) + f1'<!c) (z - ¢) + foc) (z — cf + f37'<°’) (z = ¢ + ..
Alternatively, putting ¢ = 1 and replacing z by 1 + z,
f+z) = £(1) + fi(!l) z + —f;fl) 2+ —f';;(l) 2+ .

As a trivial example consider the exponential function. At z = 1, all the derivatives are equal to e

1+ 2z _ i i 2 i 3 — z
hence e —e+1!Z+2!Z+3!Z+... e(e)



The binomial series (again)

We want to show that

(I+z) =1 + £ . + 222 _ 21 24

Atz=0, flz)=1

Differentiating once, f'(z) = p(1 + z)? =" so f'(0) = p

Differentiating again, f''(z) = p(p — 1)(1 + z)? " * so f''(0) = p(p — 1)

In general f"(z) = p(p—1)(.)(p—n+1)(1 + z)* " "0) = p(p—=1)(...)(p—n+1)

Using McLaurin's theorem therefore we obtain the above identity.

The logarithmic function

We want to show that:

2
log(l—l—z)zz—%—i-

: : . . ) dlog(x 1
It is a defining characteristic of the (natural) logarithm function that % =7 Atx =0,
the gradient is infinite and so cannot be expanded as a simple power series. Instead we examine the

function log(1 + x), or, more generally, log(1 + z).
Now at z = 0. log(1 + z) = log(1) = 0 so the first coefficient of our expansion is 0

We have dlog(1 + z) = I =1 —-z+4+ 2z -2 4+ ..
dz 1 + z

so the second coefficient is 1

d’log(l + 2)

= = -1+ 2z — 32 + ..
z

Differentiating again we get

so the third coefficient is -1
Successive differentiating give us the series of coefficients 0, 1, -1, 2.1, -3.2.1,4.3.2.1 ...

The n™ coefficient is -(-1)"(n - 1)! Hence

_ 1 =1 > 2! 3 =31 4
10g(1+z)—0+1!z+2!z + 2 + a1z + ...
=O+z—%zz+%z3—%z4+...

Note that if we put z = 1, we obtain the alternating harmonic series which is not absolutely
convergent. This means that the above series is only convergent within the unit circle.



~
N

A series for

Consider the expansion of the expression log(1 + i tand)

+

tan’ l.tan39 _ tan'®@ l.tanse
2 3 4 5

log(l + itan0) = itan0 + + ..

Now

.. i0
log(1 + itan0) = log(W) = log(csse) = i0 — log(cos0)

So what? You might say. Well the interesting bit is the imaginary part which, if we extract it gives

us a series for  in terms of powers of tand. (We are more used to seeing expansions of tanf in terms
of 4.)

3 5 7
E)z,[ane_tane+tan9_tan9+m
3 5 7

We could, of course write this as

3 5 7
arctant:t—t—+t——t—+
3 5 7
Now we know that when 8 =n/4, tan 6 =1 so:
T 1 1 1
—=1-—-+—- - =+
4 3 5 7
Alternatively, we can use 6 =m/6, tan § = 13
T 1 1 1 1
— = =1 - — + — +
6 V3 33 533 7333

which converges a bit more quickly but requires the calculation of a square root
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